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Abstract 

We construct supergravity solutions for Dp-branes at orbifold points. The 
solutions are written in terms of a single function, which is the solution to a 
nonlinear differential equation. The near horizon limits of these solutions are 
dual, in the AdS/CFT sense, to super- Yang-Mills theories with 8 supercharges 
in various dimensions. In particular, we present a dual to = 2 SU{N) SYM 
theory in 3-|-l dimensions, and analyse some aspects of the duality. 
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I. INTRODUCTION 



The AdS / CFT correspondence |l[ , which provides a supergravity dual for A/" = 4 super- 
Yang-Mills theories, can be generalized to generate supergravity duals for theories with less 
supersymmetry. In particular, there has been much interesting recent work on duals to 
N = 1 gauge theories (including J\f = \ SU (N) super- Yang-Mills theory) . However, 
M = 2 theories have received less attention. 

In this paper, we will construct supergravity duals to SU (N) super Yang-Mills theories 
with 8 supercharges in various dimensions. This is closely related to the work of where 
supergravity solutions corresponding to D4-branes ending on NS5-branes were found. (This 
would be a dual to MQCD, which is in the same universality class as super- Yang-Mills theory 
i). 

We shall here construct solutions corresponding to branes on orbifolds. These solutions 



are complicated; nevertheless, they can be found by the methods discussed in |jTO|]- These 
solutions are determined by one function, which satisfies a nonlinear differential equation. 
We have not found an explicit solution to this differential equation, nevertheless, the solution 
is determined in principle. 

Branes on orbifolds were studied by Douglas and Moore |]11| (see also []12|) who found a 
general prescription for the worldvolume theory of these branes. In particular, D5-branes 
wrapped on a 2-cycle of a T^/Zn orbifold have a worldvolume theory which is precisely 
4-dimensional SU{N) super Yang-Mills theory with 8 supercharges. 

We can now follow the general reasoning of Maldacena. We can find the supergravity 
solution produced by these D5-branes. The near horizon limit of this geometry is then dual 
to the worldvolume theory, i.e. it is dual to 4-dimensional M = 2 super Yang-Mills theory. 

We shall start with a D2-brane on a T'' jZ^ orbifold. It will prove extremely helpful to 
consider not the singular limit, but a (partially) resolved orbifold where one two-cycle has 
been resolved. We shall look at a D2-brane wrapped on this resolved 2-cycle. 

The metric for the resolved orbifold is known exactly to be 
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ds"^ = H~^{dx9 + Ajdx^ + A^dx^f + H{dx'?j + dxl + dxl) (1) 



with 



d-jA, - d^Aj = -d,H 

(We have chosen an unconventional gauge choice where = 0. Retaining Aq leads to a 
more symmetric set of equations: see, for example |12|.) 



Here if is a harmonic function satisfying (9g + + d1)H = If we want to resolve one 
2- cycle in a orbifold, we take 

_ ^'^1 I (2) 

xl + x'^ + xj {xq - a)2 + + x| 

A 2-brane can then extend between the centres at xq = and xq = a, and the second 
worldvolume direction of the 2-brane wraps the Xg direction. (There is a periodic identifi- 
cation of Xg with period Att.) 

The metric for the resolved orbifold is clearly very similar to the metric of parallel 5- 
branes. Similarly the 2-brane wrapping the two cycle is very similar to a brane stretching 
between these parallel 5-branes. The supergravity solution can thus be found using the 
methods described in for the construction of intersecting brane solutions. We shall 



describe this construction in great detail in the next section. 

Hoever, the orbifold point also has a nonzero B-field turned on [|13| . This B-field induces 



a DO-brane charge on the D2-brane. We should therefore look for a solution with both 
D2-brane and DO-brane charge. This can be done by lifting the D2-brane solution to 11 
dimensions, and boosting it, thereby adding DO-brane charge. By an appropriate choice of 
the boost parameter, we can tune the B-field on the 2-cycle to any value desired. 

The solutions for the other branes on the orbifold can be found by T-duality. In par- 
ticular, T-dualizing thrice, we get a D5-brane wrapped on the orbifold 2-cycle, which as we 
have seen, is dual to 3-1-1 dimensional M = 2 SYM. 
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The solution we find is different from other attempts to reahze Af = 2 theories |ff4|. The 



difference is that in other cases, the full theory is not exactly SU (N) M = 2 super- Yang- 
Mills theory in 3+1 dimensions. In some cases, the theory is regulated in the UV by a 
6-dimensional CFT, and in other cases, it is regulated by a theory with a larger gauge group 
in 4-dimensions. Furthermore, some of these theories live on S"^ x rather than R^'^ . The 
constuction we present is dual to the exact Af = 2 super- Yang-Mills theory on R^'^ with 
gauge group SU{N). This is why it differs from the other constructions. 

II. 2-BRANE ON Zn ORBIFOLD 
A. Notation 

We will start by constructing the supergravity solution for a D2-brane wrapped on a 
2-cycle of a Zj^j orbifold. We can approach the SUGRA solution of this system in the same 
way as |T^. First we establish some notation. 

We will denote the directions xi, X2, Xs, 0:4, X5 collectively by Xa- The directions Xy,Xs 
will collectively be called Xa- 



The approach in |]T0[ used an analysis of the condition for conserved supercharges 



d^e + i<%a6e + (cie*F/^^7„fee + C2e*$,fe,,^/^'^)e = (3) 

where Ci, C2 are constants with ci = — C2. 

We will make the following ansatz (see |10| for a more detailed discussion) 



• e = ((700)^ Co where eo is a constant spinor. 

• The constant spinor satisfies 

(1 - l^eo = (1 - I'n^o = (4) 

• The metric components will be taken to be diagonal with the addition of 697, Cgg 
(present already in (|I|)) and ega (induced by the 2brane). 



• The nonzero gauge field strengths are 

Go69a Coega Go9aa -f^078a -f^0678 -f^OGao 



As in |10|, we have chosen to denote the same field strength by different letters depending 



on the indices. Both G and H are the field strength coupling to D2 branes. 

B. Supersymmetry equations 

The SUSY equations (H) now reduce to a set of algebraic equations which determine the 
field strengths in terms of the spin connections and also impose some constraints on the spin 
connections. 

To figure out these algebraic equations, note that the SUSY constraints (Q) are singlets 
under rotations in Xa,Xa- Hence we can decompose the equations in representations of the 
rotations in Xa,Xa- 

For instance, the field strengths and spin connections which transform under rotations 
in xi, but are singlets under other rotations, are tu/^^, Goegi, and Hqjsi- Hence these terms 
must cancel against each other in each SUSY equation (|^) with any /i. For /i = 0, 4, 6, 7, 9, 
we find respectively 

, , 01^, I ^,0691 I „<S> TT ^,0781 n 

7i + e Go69i7 + e -Ho78i7 = U 

, , 41^, „<i>n ^,0691 TT ^,0781 n 

7i - e Go69i7 - e -Ho78i7 = U 

7i + e Go69i7 - e -Ho78i7 = U [p) 

, , 71^, ^,0691 I TT ^,0781 n 

uj^ 7i - e Go69i7 + e tiQi%\l = U 

, , 91^, _L fl*/^ ^,0691 ^<S> TT ,,0781 _ n 

ujg 7i + e Go69i7 - e -Ho78i7 — U 

We have chosen a convenient normalization where ci is absorbed into the field strengths. 
From these equations we find 

e*Go69i7°''^ = -^K°'-c.7'')7i (6) 
e*i/o78i7°^^^ = -^K°^+ ^7^^)71 (7) 



and the constraints 

^4''+^o°' = (8) 

a;/i+a;/i = (9) 

c;/^+c^/^ = (10) 

We can similarly write down the remaining algebraic equations. 

^,0971/^ I ^,0681 TT n 

7 ^0971 + 7 -"0681 = 

/ , 67^,1 I , , 89^,1 I ^^r^ ^,0971 _i_ ^* tr ^,0681 n 
7 67 + <^1 7 89 + ^ <^097l7 + e -«068l7 = U 

, , 17^,6 ^^ri ^,0971 _i_ tr ^,0681 n 

7 17 - e Go97i7 + e -Ho68i7 = U 

, , 16^,7 I ^'i>r< ^,0971 TT ^,0681 n 

"^7 7 16 + ^ <^097l7 - e -«068l7 = U 

, , 19^,8 ^^r* ^,0971 _i_ tr ^,0681 n 

"^8 7 19 ~ 6 Lr097l7 + e -"06817 = U 

, , 18^,9 _L ^*/^ ^,0971 ^4' tr ^,0681 n 
"^9 7 18 + <^097l7 - e -«068l7 = U 

<^o 77 + e Go6977 U 

, , 0,0697 n 

77 - e Go6977 = U 

, , 67„, I , , 98„ ,6 0,0697 n 

a;g 77 + tfg 7 98 + 6 <j-06977 = U 

, , 87^, I , , 96^,8 ^^r^ 0,0697 n 
'^8 77 + "^8 7 96 ~ ^ <^06977 = U 

, , 97„, I , , 68^,9 j_ 0,0697 n 

^9 77 + ^9 7 68 + 6 Lr06977 = ^ 

, , 06^, 1^*0- 0,0678 n 
UJq 76 + e -Ho6787 = U 

, , 06 TT ^,0678 A 
<^a 76 - e -H06787 = U 

, , 76„, I , , 89^,7 I tr o,0678 n 
1^7 76 + 1^7 7 89 + -"06787 = U 

, , 86 I , , 79^,8 _i_ tr 0,0678 a 
<^8 76 + <^8 7 79 + 6 -"06787 = ^ 

60, _L , , 78„,9 rr o,0678 a 

76 + <^9 7 78 ~ S -"06787 = U 



, , 96, 



Some of these equations determine the field strengths in terms of the spin connections, 
to be 

e*i/078a = -^(^S" + ^7") 



a'^U — ^ , ,0-7 
e -no68a — 

e -no67a — ~2 6 

W — , ,06 
e -no678 — —"^0 

e <J-09ao — 

_ , ,0a 
e <-T069« — 1^0 

The remaining equations yield further constraints on the metric. 



^6 7 98 = (^0 - ^6 )77 

, , 96^,8 / , , 07 , , 87\^, 

^8 7 96 = (-^0 - ^8 )77 

-9^V^68 = (^0°^ - -9^^)77 

(o;/^ + U^)!, + ^7'%'89 + ^9'^'78 = 



, , 89^7 _ , , 79-,8 
'^7 7 89 - ^8 7 79 



, , 89^7 _ /, , 06 86N 
^^7 7 89 - 1^0 ^ ^8 J7i 



C. Solution 



We can solve the constraints (|8| Jl^) by the metric ansatz 



eoo = -^"^ ^aa = A3 egg = X'^H^ 

677 = ^88 = ^~^H^ egg = X--^H--2 

= eggAy Cgg = CggAg Cga = Cgg^a 



with the remaining constraints 
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d7As-dsAr = -de{H\) 
deAs = djH d^Ar = -dgH (14) 

de{(paH) = daH 

Similarly by requiring the variation of the dilatino to vanish, we find that the dilaton is 
given by 

e* = (15) 
We can then show that the field strengths (|6|, pA|) can be obtained from the gauge fields 



A - ^'^'^ A - ^ 

^06q — ^Oaa — [i-O) 

A _ ^ 

^078 — 

Finally we impose the equations of motion for pointlike sources. These yield the equation 

d,<P, = H-%X + d,(^^^ (17) 
This provides a complete solution for the 2-brane on a 2-cycle of a Zn orbifold. 



D. Adding a B-field 

In the solution of the previous section, we were at the point in moduli space where the 
B-field on the orbifold was zero, as could be seen from the fact that the DO-brane charge was 
zero. Turning on a B-field on the orbifold point will add zero-brane charge to the system. 

To find a solution with added zero-brane charge, we lift the solution we have found to 11 
dimensions (thus getting a M2brane on the orbifold.) We then boost in the 11th direction 
and dimensionally reduce, thus obtaining a solution with D2+D0 charge. 

All these steps are straightforward, and we can directly present the final answer in the 
next section. The solutions for other branes on the orbifold can be obtained by T-duality. 
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III. BRANES ON ORBIFOLDS 



A. Notation 

First of all we summarize the various formulae that are required in the solutions. 
The solutions are expressed in terms of the functions X, H, Aj, As- In addition we will 
introduce a constant (3 and a function A defined as 

A = cosh'^p - X-^sinh'^p (18) 

The constant P controls the value of the B-field on the 2-cycle. P — corresponds to zero 
B-field. 

The functions satisfy the differential equations 

dyAs - dgAr + deiHX) = Q{xa, X6)S{xa) 
deAs = drH d^Ar = -dsH 

de{<PaH) = daH (19) 

d,4^,^H-^d,x + d,(^^ 

These functions can be expressed in terms of a single function r through 

H<t>a = dad^T (20) 

H = dlr (21) 
^ + Hct>l^ dlr (22) 

T then satisfies the differential equation 

9^ + ^^dlr - {PM^ - lg(x„, x^)8{x^) (23) 

The function Q parametrizes the brane source; in particular, it incorporates the effects 
of brane bending. 

We will denote the NSNS 2-form by B^^, and the RR forms by C^^l,^,^. 



B. 2-brane on orbifold 



Here a runs from 1 to 5. The metric is 

ds"^ = A-5 A-^(-di2 + Mxl) + A-^A^//(dx^ + (t)adx''f + X^A^H{dx^^ + dxl) 

+X-^A^H-\dxg + Ajdx'^ + Asdxsf (24) 

The dilaton is 

e* = A^aI (25) 

The gauge fields are 

Cq^^ = sinh(3coshp ^ ^ 

= -^coshp (26) 

Bga ^ -^^sinh(3 Bqq ^ ^sinhp 

o A oA 

= -^smhfJ Baa = —^^smhfJ 

= — —smhp 

o 



C. 3-brane on Zjv orbifold 

Here i runs over 0, 1, a runs over 2, 3, 4, 5. The metric is 

ds^ = X-^A-^-dt^ + dxl + ^dxl) + X-^A^H{dx^ + (Padx'^f + X^A^H{dx^^ + da;^) 

+A-^A^ii-^((ia;9 + ^7(i2;^ + Afiarg)^ (27) 

The dilaton is 

e* = A^ (28) 
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The gauge fields are 

Cqi' — sinh(3cosh(3 



= sinhfirn.'ihfi^ ^ 

AA 



1 1 

CSc7 = ■^^abcd{(pdA7 + dsddT) C^^g = -eabcd{(pdA - djddT) 

^abc9 — -^^abcdVd 

o A oA 

BQa = -^smhfi Baa = —^^smhp 

Brs — — —stnhp 



D. 4-brane on orbifold 

Here i runs over 1,2, a runs over 3, 4, 5. The metric is 

ds"^ = X-^A-^-dt"^ + dxl + Mxl) + \--^lS^H{dx^ + + \^A^H{dx'\ + dx^) 

+A-^A^ii"-^((ix9 + ^7C^xV Atixg)^ (29) 

The dilaton is 

e* = A-iA3 (30) 



The gauge fields are 



.(3) __.«„„„.^(1-A) 



Coi2 = sinh(5cosh(5- 



AA 



1 

3 ^ „ 3 



Bga = --—sinhp Bqq = —sinh(3 

o A oA 

= -^sinh(3 Baa = —^^sinh(3 

3H 

Bjs = — —sink (5 

o 
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E. 5-brane on orbifold 



Here i runs over 1, 2, 3, a runs over 4, 5. The metric is 

ds'^ = X-^A-^i-dt"^ + dxl + Mxl) + X--^lS^H{dx^ + (t)adx''f + A5//(dx? + dxl) 

+\-^A^H-^{dxQ + A^dx'' + A^dxfif (31) 

The dilaton is 



A-5 (32) 



The gauge fields are 



Coi23 = sinhj3coshj3- 



AA 



O A OA 

J-, • 7 a D 3^Q,0a . 

-Bea = -^smh(3 Baa = —^^smh(3 
Syg = — —smhp 



IV. COMMENTS ON THE DUALITY 

The last subsection above describes the supergravity solution for 5-branes wrapped on 
an orbifold 2-cycle. By taking the near- horizon hmit, we obtain the dual to Af — 2 gauge 
theory in 3+1 dimensions. 

The orbifold point is defined by the point in the moduli space where S = for a 
orbifold. At this point in moduli space, a single 2-brane wrapped on the orbifold gets an 
induced 0-brane charge equal to j^. This can be used to fixed the value of (3 at the orbifold 
point. 



11 



The calculation is straightforward, given the supergravity solution. We find that (we set 
a' = 1) 

sinhd = - — -— (33) 

(Recall that a is the separation between the centers in the orbifold metric (0).) This value 
of /3 is the perturbative orbifold point. Other values of (3 correspond to changing the B-field 
on the 2-cycle. 

One should also ask where the supergravity solution we have found is valid. For this, we 
need the string coupling to be small. Hence 

e* = 9oX-'^ « 1 (34) 

This means that the supergravity solution cannot be trusted near the branes. This corre- 
sponds to the fact that that the gauge theory is trivial in the infrared, and cannot therefore 
have a simple description in supergravity. 

Also, we need the curvature to be small. We cannot find the exact regime where this 
applies, since we have not found an analytic solution. However, we know that this must break 
down far away from the branes, since asymptotically, the geometry is similar to that of a 
five-brane. This breakdown corresponds to the fact that the gauge theory is asymptotically 
free, and again there cannot be a good supergravity description. 

Finally, we can see that in the weak coupling region, the gauge coupling has a logarithmic 
falloff with scale, as is expected from the gauge theory correspondence. This can be seen 
from the fact that the gauge coupling asymptoticaly satisfies the Laplace equation in 2 space 
dimensions, which has a logarithmic solution. This analysis is the same as that performed 
in the geometric engineering analyses of field theories |T^-|T^. 



V. CONCLUSION 



In summary, we have constructed supergravity duals for J\f = 2 gauge theories. This 
method can be extended to all theories which can be obtained on branes through geometric 
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engineering. This is a very wide class of theories. 

We have left the detailed analysis of the correspondence to future work. It would be 
interesting to see what information can be obtained about the gauge theories by this duality. 
In particular, it should be possible to rederive the results of |^|19|. It should also be possible 
to analyze the behaviour of solitons in these theories by analyzing branes ending on other 
branes. 
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